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We study value sets of polynomials over a finite field, and value sets associated to
pairs of such polynomials. For example, we show that the value sets (counting
multiplicities) of two polynomials of degree at most d are identical or have at most
q!(q!1)/d values in common where q is the number of elements in the finite field.
This generalizes a theorem of D. Wan concerning the size of a single value set. We
generalize our result to pairs of value sets obtained by restricting the domain to
certain subsets of the field. These results are preceded by results concerning symmetric
expressions (of low degree) of the value set of a polynomial. K. S. Williams, D. Wan,
and others have considered such expressions in the context of symmetric polynomials,
but we consider (multivariable) polynomials invariant under certain important sub-
groups of the full symmetry group. ( 1998 Academic Press1. NOTATION AND HISTORICAL INTRODUCTION
This paper will use the following notation:
f Let F
q
be a finite field of characteristic p with q elements.
f Fix, once and for all, an ordering of F
q
,
F
q
"Ma
1
,a
2
,2, aqN .
f Given elements r
1
,2 , rn in a ring R, let pk(r1 ,2 , rn)3R denote the
kth elementary symmetric expression of r
1
,2 , rn , i.e.,
p
k
(r
1
,2 , rn)
$%&" +
14i1:i2:2:ik4n
r
i1
r
i2
2r
ik
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442 WAYNE AITKENDEFINITION. A polynomial f3F
q
[x] is said to be a permutation polynomial
if the function c>f (c) is surjective on F
q
(and hence bijective).
DEFINITION. A polynomial F in F
q
[x, y] is said to be a absolutely irredu-
cible if F is irreducible in F
q
[x, y] where F
q
is the algebraic closure of F
q
.
DEFINITION. A polynomial f in F
q
[x] is said to be an exceptional poly-
nomial over F
q
if f (x)!f (y) has no absolutely irreducible factor in F
q
[x, y]
except x!y (or constant multiples of x!y).
One of the most fundamental results in the theory of permutation poly-
nomials is the following theorem of Cohen:
‚et f be a polynomial in F
q
[x]. If f is exceptional over F
q
then it is a permuta-
tion polynomial over F
q
.
This theorem was originally conjectured by Davenport and Lewis [DL] in
1963, and proved by Cohen [C] in 1970 who used techniques from algebraic
number theory. In 1993, D. Wan [Wa] gave a simpler proof in which he
proved the following two theorems and showed how the above theorem
follows from them.
THEOREM 1. ‚et f3F
q
[x] be a polynomial of positive degree d. „hen
p
k
( f (a
1
) ,2, f (aq) )"0
for 0(k((q!1)/d.
THEOREM 2. ‚et f3F
q
[x] be a polynomial of positive degree d. If f is not
a permutation polynomial then the number of elements in the image f (F
q
) is less
than or equal to q!q~1
d
.
Theorem 2 was first conjectured by Mullen [Mu] in the case where q is odd
and d is even. Wan’s proofs of Theorems 1 and 2 build on ideas of Williams
[Wi], but circumvent the difficulties of Williams’ approach by employing
a p-adic lifting theorem. Later, G. Turnwald [Tu] gave elementary proofs of
Theorems 1 and 2.
This paper gives generalizations of Theorems 1 and 2. Theorem 1 will be
extended in Theorem 3 below to expressions more general than those sym-
metric under the full symmetry group on q elements (and in the process gives
a new elementary proof of Theorem 1, substantially different than that in
[Tu]). Theorem 2 will be generalized to pairs of polynomials and to images of
certain subsets of F
q
.
(A good introduction to permutation polynomials and exceptional poly-
nomials is [LN], while [Mu] is a good source for more recent results. Note
that the above definition of exceptional is that given in [Wa], but other
authors often impose the additional condition that x!y divides f (x)!f (y)
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either definition.)
2. SYMMETRY PROPERTIES OF VALUE SETS
f Given u a permutation of M1, 2,2, qN and F3Fq[x1 , x2 ,2, xq],
define uF to be the element of F
q
[x
1
, x
2
,2, xq] given by the equation
uF (x
1
, x
2
,2,xq)
$%&"F (xu(1) , xu(2) ,2, xu(q)) .
Note that this defines an (F
q
-algebra) action of the permutation group (on
q elements) on F
q
[x
1
,x
2
,2 ,xq]. This action restricts to an action on homo-
geneous polynomials of a given degree.
f Let b3F*
q
, and let u
b
be the unique permutation of M1, 2,2, qN with
the property that ba
i
"au
b(i)
. Given b3F*
b
and F3F
q
[x
1
,x
2
,2 , xq], define
bF to be ubF. Note that this defines an (F
q
-algebra) action of F*
q
on
F
q
[x
1
,x
2
,2, xq]. This action restricts to an action on homogeneous poly-
nomials of a given degree.
THEOREM 3. Suppose F3F
q
[x
1
, x
2
,2,xq] is a polynomial of degree D,
and G is a subgroup of F*
q
of order g which fixes F (i.e., bF"F for all b3G). If
f3F
q
[x] is a polynomial of degree d and if dD(g, then
F ( f (a
1
), f (a
2
),2, f (aq) )"F ( f (0), f (0),2 , f (0)) .
Proof. Let h3F
q
[t] be defined as
h(t) $%&"F ( f (a
1
t),2, f (aqt)) .
Note that h has degree less than g. Note also that if b3G, then
h (b)"F ( f (a
1
b),2, f (aqb))"F( f (aub(1)),2, f (aub(q)) )
"bF ( f (a
1
),2, f (aq))"F ( f (a1),2 , f (aq))"h(1).
Thus h(t)!h (1) has at least g zeros, but its degree is less than g. Thus
h(t)!h (1)"0. In particular, h (1)"h(0). The results follows. j
We note that Theorem 1 follows from Theorem 3 since each elementary
symmetric polynomial p
k
(x
1
,2 ,xq) is invariant under the action of F*q , and
444 WAYNE AITKENsince, for 0(k(q!1,
p
k
( f (0),2, f (0))"A
q
kB f (0)k"0 ) f (0)k"0.
We illustrate Theorem 3 with a couple of examples:
EXAMPLE 2.1. Consider the field F
11
where the elements of F
11
are ordered
as follows: 1, 2, 3,2 , 9, 10, 0. Consider the polynomial
F"x
1
x
2
#x
1
x
6
#x
2
x
4
#x
3
x
6
#x
3
x
7
#x
4
x
8
#x
5
x
8
#x
5
x
10
#x
7
x
9
#x
9
x
10
#x2
11
.
Note that F is invariant under the action of F*
11
(one only needs to check
invariance under the generator 23F*
11
). Note also that since F has 11 terms,
F(c, c,2, c)"0 for any c3F11 . Thus Theorem 3 implies that
F ( f (1), f (2),2 , f (10), f (0))"0
for any polynomial f3F
11
[„] of degree up to 4.
EXAMPLE 2.2. Consider the field F
17
where the elements of F
17
are ordered
as follows: 1, 2, 3,2 , 15, 16, 0. Consider the polynomial
F"x2
3
x
7
#x2
5
x
6
#x2
6
x
14
#x2
7
x
5
#x2
10
x
12
#x2
11
x
3
#x2
12
x
11
#x2
14
x
10
.
Note that F is invariant under the action of (F*
17
)2, the group of squares (one
only needs to check invariance under generator 23 (F*
17
)2). Note also that
F(c, c,2, c)"8c3 for any c3F17 . Thus Theorem 3 implies that
F ( f (1), f (2),2, f (16), f (0))"8f (0)3
for any quadratic or linear polynomial f3F
17
[„].
3. VALUE POLYNOMIALS
Let f3F
q
[x] be a polynomial. The value polynomial associated to f, written
'
f
, is defined as
'
f
(„ ) $%&" q< („!f (a
i
))i/1
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f
is an element of F
q
[„] of
degree q.
More generally, if S is a subset of F
q
then '
f,S
3F
q
[„], the value poly-
nomial associated to f and S, is defined by the formula
'
f,S
(„) $%&"<
s|S
(„!f (s)).
LEMMA 3.1. Suppose f3F
q
[x] has positive degree d. „hen '
f
(„)!„q has
degree at most q!(q!1)/d (or is the zero polynomial).
Proof. This is a direct consequence of Wan’s theorem (Theorem 1) or its
generalization (Theorem 3). We merely note that
'
f
(„ )!„q" q+
k/1
(!1)kp
k
( f (a
1
),2 , f (aq))„q~k ,
and p
k
( f (a
1
),2, f (aq) )"0 for k((q!1)/d. So the largest possible value of
the degree is q!(q!1)/d. j
LEMMA 3.2. Suppose f3F
q
[x] has positive degree d and f (0)"0. Suppose
also that S is a subset of F
q
with n elements, and G is a subgroup of F*
q
of order
g that acts on S. „hen '
f,S
(„ )!„n has degree at most n!g/d (or is the zero
polynomial).
Proof. Let a
i1
,2 , ain be the elements of S. Then
'
f,S
(„ )!„n" n+
k/1
(!1)kp
k
( f (a
i1
),2, f (ain) )„n~k .
Let F
k
(x
1
,2 ,xq) $%&"pk (xi1 ,2, xin). Clearly Fk is invariant under G. By
Theorem 3, if k(q/d then
p
k
( f (a
i1
),2 , f (ain) )"Fk( f (a1),2, f (aq) )"Fk( f (0),2 , f (0)) .
However,
F
k
( f (0),2, f (0))"pk(0,2 , 0)"0
for k’0. Thus the „n~k term of '
f,S
(„ )!„n is zero for 0(k(g/d. j
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We define a set with multiplicities of size n or a multiset of size n to be an
unordered n-tuple. (More formally, it is an equivalence class of finite se-
quences of length n where two sequences are equivalent if and only if one is
a permutation of the other). All the standard set-theoretical constructions are
defined for sets with multiplicities in the natural way: unions, subsets, inter-
sections, etc.
Let S be a subset of F
q
, and let f3F
q
[x] be a polynomial. We define f [S] to
be the set with multiplicities defined by the values f (s) as s varies in S. More
precisely, if S"Ms
1
, s
2
,2, snN, then f [S] is the equivalence class of the finite
sequence ( f (s
1
), f(s
2
),2, f (sn)) under the above mentioned equivalence rela-
tion. Note f [S] can be contrasted with f (S) which is the set of values without
counting multiplicities.
THEOREM 4. Suppose f
1
, f
2
3F
q
[x] are two non-constant polynomials of
degree at most d. „hen the size of the intersection of f
1
[F
q
] and f
2
[F
q
] (i.e.,
counting multiplicities) is either q or is at most q!(q!1)/d.
Proof. By Lemma 3.1, the polynomial '
f1
!'
f2
has degree at most
q!(q!1)/d or is the zero polynomial. However, each term of the intersec-
tion supplies a root of this polynomial. The result follows. j
We note that Theorem 2 follows from the above result: just take f
2
"x.
THEOREM 5. Suppose f
1
, f
2
3F
q
[x] are two nonconstant polynomials of
degree at most d such that f
1
(0)"f
2
(0). Suppose also that G is a subgroup of
F*
q
with g elements, and S
1
and S
2
are subsets of F
q
, both of size n and both
invariant under multiplication by elements of G. „hen the size of the intersection
of f
1
[S
1
] and f
2
[S
2
] (i.e., counting multiplicities) is either n or is at most
n!g/d.
Proof. Without loss of generality, we can assume that f
1
(0)"f
2
(0)"0.
The remainder of the proof is similar to the proof of the previous theorem
except we use Lemma 3.2 instead of Lemma 3.1. j
EXAMPLE 4.1. Suppose m is a positive integer such that m Dq!1. Let G be
the group mth powers, i.e., G"(F*
q
)m. Let S
1
and S
2
be any two cosets of G.
Finally, let f3F
q
[x] be a polynomial of degree d51. Then f [S
1
] and f [S
2
]
are either equal (with multiplicities), or they have at most (q!1)/m!
(q!1)/md terms in common (including multiplicities).
EXAMPLE 4.2. Suppose m is a positive integer such that m Dq!1. Let
G"(F*
q
)m. Finally, let f
1
, f
2
3F
q
[x] be two nonconstant polynomials of
degree at most d with the same constant term. Then f
1
[G] and f
2
[G] are
ON VALUE SETS OF POLYNOMIALS 447either equal (with multiplicities), or they have at most (q!1)(1!1/d)/m
terms in common.
EXAMPLE 4.3. Suppose m is a positive integer such that m Dq!1. Let
G"(F*
q
)m, and let f3F
q
[x] be a polynomial of degree d51 with no constant
term. Then f (G)"G, or f (G) contains at most (q!1)/m!(q!1)/md ele-
ments of G. To see this, just take f
1
"f, f
2
"x.
5. A REFINEMENT
Now we will derive a refinement of the above results for the case of the
group of squares in F*
q
:
THEOREM 6. Suppose q is odd, and let G"(F*
q
)2. ‚et S
1
"G, S
2
"F*
q
!G
be the two cosets of G in F*
q
, and let f3F
q
[x] be a polynomial of degree d’1
such that f (0)"0. „hen either (1) both f (S
1
)W f (S
2
)WS
1
and f (S
1
)W f (S
2
)WS
2
have at most (q!1)/2!(q!1)/d elements, or (2) f (S
1
)W f (S
2
)LS
j
for some
coset S
j
and
f (S
1
)W f (S
2
)"f (S
1
)WS
j
"f (S
2
)WS
j
.
Before proving this we will prove the following lemma:
LEMMA 5.1. „he polynomial '
f,S1
(„ )#'
f,S2
(„ )!2„(q~1)@23F
q
[„] has
degree at most q~1
2
!q~1
d
, or it is the zero polynomial.
Proof of ‚emma 5.1. Observe that „ )'
f,S1
(„) )'
f,S2
(„)"'
f
(„ ). By
Lemma 3.1 and Lemma 3.2, if '
f,Si
(„)!„(q~1)@2 (i"1, 2) is not the zero
polynomial then it has degree at most (q!1)/2!(q!1)/2d, and if
'
f
(„)!„q is not the zero polynomial then it has degree at most
q!(q!1)/d. Consider the following:
!„(q~1)@2 ('
f,S1
(„ )#'
f,S2
(„ )!2„(q~1)@2 )
"('
f,S1
(„ )!„(q~1)@2) ('
f,S2
(„ )!„(q~1)@2)!'f („)!„q„ .
We see that either the right hand side is the zero polynomial or it has degree
at most q!1!(q!1)/d. Therefore, '
f,S1
(„ )#'
f,S2
(„)!2„(q~1)@2 has
degree at most (q!1)/2!(q!1)/d or is the zero polynomial. j
Proof of „heorem 6. Case 1. First assume that '
f,S1
(„ )#'
f,S2
(„ )!
2„(q~1)@2 has positive degree. Let g
j
(„ ) $%&"<
b|Sj
(„!b). By Lemma 3.2
applied to the polynomial x, we see that g
j
(„ )!„(q~1)@2 is a constant.
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f,S1
(„ )#'
f,S2
(„)!2g
j
(„) has positive
degree at most (q!1)/2!(q!1)/d. Finally, note that elements of
f (S
1
)W f (S
2
)WS
j
are roots of '
f,S1
(„ )#'
f,S2
(„)!2g
j
(„ ).
Proof of „heorem 6. Case 2. Now assume that '
f,S1
(„ )#'
f,S2
(„ )!
2„(q~1)@2"c for some constant c3F
q
.
If f (S
1
)W f (S
2
) is empty, then the result follows. Suppose 03 f (S
1
)W f (S
2
).
Then
c"'
f,S1
(0)#'
f,S2
(0)!2 ) 0(q~1)@2"0.
Thus c"0. In particular, if r3 f (S
1
)W f (S
2
) then
0"'
f,S1
(r)#'
f,S2
(r)!2r(q~1)@2"!2r(q~1)@2 ,
so r"0. Hence f (S
1
)W f (S
2
)"M0N, in which case the theorem follows.
Thus we can assume that there is an non-zero element r3 f (S
1
)W f (S
2
), and
that 0N f (S
1
)W f (S
2
). Therefore,
c"'
f,S1
(r)#'
f,S2
(r)!2r(q~1)@2"!2r(q~1)@2.
In particular, if r is in S
1
"G then r(q~1)@2"1, so c"!2. If r is in S
2
then
r(q~1)@2"!1, so c"2. Therefore, c"$2. The above considerations hold
for arbitrary elements r of f (S
1
)W f (S
2
). Therefore, f (S
1
)W f (S
2
)LS
j
where
j"1 if c"!2 and j"2 if c"2. Note that c"(!1)j ) 2.
Now suppose that r3 f (S
1
)WS
j
. Since r3S
j
, !r(q~1)@2"(!1)j. In par-
ticular,
c"'
f,S1
(r)#'
f,S2
(r)!2r(q~1)@2"'
f,S2
(r)#2(!1) j.
Since c"(!1)j ) 2, this implies that '
f,S2
(r)"0. Therefore, r3 f (S
2
). Like-
wise, r3 f (S
2
)WS
j
implies r3 f (S
1
). Therefore, f (S
1
)WS
j
"f (S
2
)WS
j
. j
EXAMPLE 5.2. Suppose q is odd, and that f3F
q
[x] is a cubic polynomial
such that f (0)"0. Let G, S
1
, and S
2
be as above. By Example 4.1, f [S
1
] and
f [S
2
] are either equal, or they have at most (q!1)/3 elements in common
(including multiplicities). It will leave it to the reader to show that if q57,
then f [S
1
] and f [S
2
] cannot be equal. (Start by observing that if c is in both
f [S
1
] and f [S
2
], then f!c has at least two, and hence usually three, distinct
non-zero roots. The case q"7 requires additional treatment; in this case
show that it is enough to check the nine polynomials of the form
x(x!a)(x!b) where a3S
1
and b3S
2
.)
ON VALUE SETS OF POLYNOMIALS 449Theorem 6 gives information on how the elements in f (S
1
)W f (S
2
) are
distributed. In particular, either f (S
1
)W f (S
2
)WS
j
has at most (q!1)/6 ele-
ments for j"1, 2, or f (S
1
)W f (S
2
) is contained entirely within S
1
or S
2
.
For example, if q"11, then f [S
1
] and f [S
2
] have at most 3 elements in
common. Either f (S
1
)W f (S
2
)WS
j
has at most 1 element for j"1, 2, or
f (S
1
)W f (S
2
) is contained entirely within S
1
or S
2
. The first occurs for
x3#x2#6x. The second for x3#2x2#4x.
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